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Fig. 4 Axial profiles of vibrational Damkohler number Dav. Dashed
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Fig. 5 Decay of the residual of the computation. Dashed-dotted line,
perfect gas; dashed line, imperfect gas.

thermal equilibrium is satisfied in most parts of the nozzle but
fails in the final part of the divergent section for low values of
pcLd (i.e., for short nozzles operating at a low stagnation
pressure). For Dav < 1 the gas behavior is better represented
by assuming cp to be constant. In applications to high-expan-
sion-ratio nozzles a "sudden freezing" model10'12 can be used
to bridge regions computed under the hypotheses of thermal
equilibrium (i.e., imperfect gas) and vibrationally frozen flow
(perfect gas). The results shown in Fig. 4 are conservative in
that the actual rates of vibrational relaxation are faster than
assumed here. In typical shock tunnel flows the vibrational
relaxation rates are known to be faster than those given by the
Landau-Teller model by a factor between 3 and 100 (Ref. 13).
When this phenomenon is accounted for, the range of appli-
cability of the present work becomes much wider than that
shown in the figure.

Figure 5 compares the convergence history of the computa-
tions for a perfect and an imperfect gas. The solution is
initialized by prescribing the same (arbitrary) Mach number
distribution in both cases. It is apparent that the solution
algorithm described in Sec. Ill gives an extremely fast conver-
gence rate, with the steady state reached in as few as 30
iterations.

V. Conclusions
The proposed formulation demonstrates the possibility of

effectively extending all computational techniques developed
for the X formulation to imperfect gas flows, with minimum
coding and computational effort.
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Surface Reaction Model for Catalyzed
Composite Solid Propellants
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Nomenclature
A = kinetic pre-exponential factor
AfC = oxidizer particle area fraction of the enhanced

condensed phase exothermic decomposition
cp = average specific heat capacity for the solid and gases
DO = oxidizer particle diameter
E = activation energy
K = constant dependent on type of catalyst and surface/

subsurface reaction
m = mass flux
Q = heat release
R = universal gas constant
S - surface area
T = temperature
a = mass fraction of ingredient in propellant
/3F = fraction of oxidizer that partake in primary flame

reaction
F = catalyst specific surface dependent constant
e = ratio of oxidizer decomposed due to a condensed

phase exothermic decomposition to the total oxidizer
decomposed

X = thermal conductivity
$ = stoichiometric oxidizer/fuel ratio
p = density
£* = dimensionless flame height
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Q = catalyst mass concentration in binder multiplied by
catalyst specific surface area

Subscripts
AP = associated with oxidizer monopropellant flame
c = catalyzed condition
FF = associated with final flame
/ = binder or referring to binder characteristics
ox = oxidizer or referring to oxidizer
P = planar
PDF = associated with total primary flame
r = limit above which interfacial reaction is possible
s = surface
ss = subsurface
T = total
0 = initial condition or total surface
1 = associated with condensed phase exothermic

decomposition
2 = associated with oxidizer sublimation

Introduction

T HE two extensions suggested so far to the well-known
Beckstead, Derr, and Price (BDP) model1 to account for

catalytic effect, one by Cohen2 and the other by Beckstead,3
do not adequately predict the burning rate variations; the
former works well at high pressures (10-100 bar), whereas the
latter is effective only at low pressures (0.03-1 bar). In addi-
tion, contrary to experimental results,4'6 the model and its
extensions are insensitive to oxidizer particle size variation at
subatmospheric and near-atmospheric pressures. This is due
to the constant surface heat release assumption. Experimental
studies5'7 indicate that this heat release is not constant but
varies with pressure, oxidizer particle size, and catalytic con-
centration; therefore, the present study incorporates a variable
surface and subsurface heat release into the BDP model and
shows that the model can successfully predict the effects of
catalysts and oxidizer particle size at low as well as rocket
operating pressures. Extending the validity of the model to low
pressures will be useful in predicting the early stages of igni-
tion transient of rocket motors as well as in the development
of propellants for stop-start and missile base bleed motors.

Surface Reaction
There is evidence to believe that ammonium perchlorate

(AP) can decompose in parallel condensed phase exothermic
decomposition (CPED) and sublimation, and the former may
lead to AP/binder interfacial heterogeneous reactions. Re-
garding the AP decomposition, Fowling8 proposes that a sig-
nificant degree of CPED to C12, O2, H2O, and N2O may
accompany sublimation to NH3 and HC1O4; the C12 and O2
from CPED may combine with adjacent fuel elements through
heterogeneous reaction. At low pressures, the gas phase com-
bustion zone thickness in composite propellant flame is large;
therefore, the heat feedback from gas phase is less. On the
other hand, due to the deeper high-temperature penetration
and, hence, the longer residence time allotted for the reactions
at and beneath the surface, surface-subsurface reactions take
a dominant role in maintaining the necessary surface tempera-
ture. The flameless combustion of uncatalyzed AP/polysul-
phide propellants at low pressures6'9 and the crevices found
around AP particles in extinguished composite propellants
[Ref. 10 (7 bar), Ref. 5 (<41 bar)] support this proposition.

Numerous thermal analyses of AP/catalyst systems suggest
that catalysts increase considerably the extent of CPED.8 Low
pressure studies on AP/hydroxyl-terminated polybutadiene
(HTPB) propellants5'6 demonstrate the following: 1) the addi-
tion of Fe2O3 leads to the flameless combustion condition, and
that of copper chromite catalyst to the presence of thick dark
zone—both point out negligible gas phase heat feedback to the
surface; and 2) the presence of catalysts reduces the burning

rate pressure exponent with significant burning rate enhance-
ments existing down to the lowest burning pressure. With
regard to the mechanism of burning rate enhancement, we
may consider the physical situation of catalyst particles in the
propellant microstructure as follows. With the advancement
of flame front, the catalyst particles may decompose, evapo-
rate, leave the surface, or adhere to the receding surface. Price
and Sambamurthi11 demonstrate the last possibility through
their studies on AP/polybutadiene-acrylic acid-acrylonitrile
(PBAN)/Fe2O3 propellants. Although the adhering catalyst
particles are generally more favorably positioned to affect
binder decomposition, Cohen et al.12 conclude that catalysts
do not manifest themselves by direct influence upon binder
pyrolysis. Jones and Strahle13 observe that catalysts do not
promote heterogeneous reactions of gases with the binder, or
modify its pyrolysis mechanism, but possibly promote gas
phase or heterogeneous reactions at the AP/binder interface.
These adhering catalyst particles will of course encounter
emerging oxidizer crystals and may get blown off by the
oxidizer decomposition products but for a possible catalytic
effect at the oxidizer particle peripheral areas. According to
Logachev et al.,14 the important feature of catalytic mecha-
nism is the contact of the catalyst particles with AP and the
diffusion of C1O4~ to catalyst. Scanning electron micro-
graphs5'11 reveal that the addition of catalysts affects the pe-
ripheral but not central areas of coarse AP particles. Thus, it
is possible that with catalysts the burning rate controlling
reactions are located in the condensed phase; the catalyst may
enhance the CPED at the AP particle peripheral areas, and
consequently enhance AP/binder interfacial heterogeneous re-
actions.

Governing Equations
At the surface, mox>s>c is assumed to be the sum of the

uncatalyzed rate and the rate due to catalytic effect — both of
zero-order reaction. The effects of catalysts on the kinetics
pre-exponential factor and activiation energy are not clearly
understood. However, it is assumed that the addition of a
catalyst affects only the pre-exponential factor.2 Hence,

™o AfcKox>sQ/(T + 0)]exp[ - EOX>S/(RTS)} (1)

where F is selected to give the diminishing return in burning
rate enhancement with increase in concentration.3 The AP
fraction that reacts by the CPED under catalyzed condition
can be written as

ec = 0)] (2)

Thus,

Qox = (1 - Afc)[eQox,{ + (1 - e)Qox>2]

+ Afc [ecQox> i + (1 - ec)Qox>2] (3)

In the subsurface, for the uncoupled subsurface tempera-
ture profile, the oxidizer reacted under catalyzed condition at
the oxidizer/binder interface per unit propellant planar area,

mox>ss,c = {37T/[2A>(1 + [(1 - <xox)/otox]pox/Pf)}[\/(mTCp)]

^Ts

exp[ - EOX>SS/(RT)] dT/(T - T0) (4)

Taking overall mass balance at the propellant surface,

mTS0 = (mox>s Sox>s + mOXtS5 SP)/aox

= (mf>sSf>s + moxssSP)/3>)/(\ - aox) (5)
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Fig. 2 Effect of AP particle size and catalyst concentration on burn-
ing rate—computer propellant of AP/HTPB (73/27).

The following energy consideration gives

mox>ss(\

mox>ss(\ + l/$)Sp]cp(TPDP - TQ)

mox>ss(\ (6)

In the gas phase, the other heat release equations are same
as in Ref. 1. Now, the averaged surface temperature can be
obtained from the following revised energy conservation equa-
tion.

= - mOXtSS(l + 1/3>)(SP/SQ)QSS

mf>s(SffS/S0)]

mox,ss(\

+ QFFexp( - ftF)}

Results
EOX.SS is taken as 32.5 kcal/mole,15 and the value Aox>ss of 108

g/cm2 • s is chosen such that the low-pressure burning rate
fitting for uncatalyzed propellant is satisfactory. Noting from

the thermal decomposition studies that AP starts to decom-
pose at 200°C and the decomposition goes to 100% between
250-350°C, an approximate average value of 550 K for Tr
seems to be reasonable, e is taken as 0.5, and this implies that
the maximum possible available energy from the monopropel-
lant AP flame ( — 810 cal/g) is equally shared by the
monopropellant gas phase flame and CPED. In the absence of
any detailed information, the extent of Afc is taken as that
corresponding to 1 /*m peripheral width. Taking other data
from Ref. 16, the principal equations (1), (4), (5), and (7) are
solved for a range of pressures. Figure 1 shows the typical
experimental data5 and the curves predicted by the present
study. The results of calculations for computer propellants of
different particle size and catalytic concentrations are given in
Fig. 2. The predicted burning rates are now in much better
agreement with the general experimental observations: 1) the
burning rate increases with diminishing returns with increase
in catalyst concentration, and 2) both particle size effective-
ness and catalytic effectiveness on burning rate are positive
from the lowest burning pressure to the rocket operating pres-
sure and these generally increase with decrease in pressure.
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Stiffness Design Method of
Symmetric Laminates Using

Lamination Parameters

Hisao Fukunaga* and Hideki Sekine
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Introduction

I N the stiffness design of laminated composites, it is impor-
tant to optimize layer angles as well as layer thicknesses.

Introducing lamination parameters as design variables is effi-
cient and reliable in the optimization of laminated composites
since the stiffness components of laminated composites are
expressed as a linear function with respect to lamination
parameters.1 To use lamination parameters in the design of
laminated composites, the feasible region of lamination
parameters needs to be known. The method for determining
the laminate configurations corresponding to the lamination
parameters also has to be established. The previous paper2 has
shown those fundamental relations for a specially orthotropic
laminate eliminating coupling terms.

In the symmetric laminate with the extension-shear coupling
or the bending-twisting coupling, the in-plane and out-of-
plane stiffness characteristics are governed by four in-plane
and four out-of-plane lamination parameters, respectively.
The present paper shows the feasible region of in-plane or
out-of-plane lamination parameters for the symmetric lami-
nate. A method is proposed for determining laminate configu-
rations corresponding to the lamination parameters.

Stiffness Characteristics of Symmetric Laminates
In the classical lamination theory, the constitutive equation

of symmetric laminates is given by

M 0 D 0)

where TV and M denote the stress and moment resultants, re-
spectively; e and K denote the strains and the curvature changes
at the midplane, respectively; and Ay and Dy represent the
in-plane and the out-of-plane stiffnesses, respectively.

When the stiffness components Ay and DJJ (ij = 1,2,6) are
expressed by the stiffness invariants and the lamination
parameters,1 Ay and Dy are governed by four in-plane and
four out-of-plane lamination parameters, respectively,

1
1 r i

cos 28(u) du, £2 = cos 46(u) du

£3 = sin 20(w) du, £4 = sin 40(w) du
JO Jo

(2)
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P P£9 = 3 cos 20(w)w2 du, £io = 3 cos40(w)w2dw
Jo Jo

Psin 26(u)u2 du, £12 = 3 sin 46(u)u2 du
o Jo

(3)

where 6(u) is a distribution function of the fiber angles
through the thickness, and (£1, £2, £3, £4) and (£9, £10, £n, £12)
represent the in-plane and out-of-plane lamination parame-
ters, respectively. In Eq. (1), the stiffness components are a
linear function with respect to the lamination parameters. In
the stiffness optimization, the use of lamination parameters as
design variables leads to an efficient and reliable optimization
approach.

The lamination parameters depend on each other. The rela-
tion between the lamination parameters has not been known,
although the preceding study was performed in Refs. 3 and 4.
The present paper first examines the relation between the four
in-plane lamination parameters. As shown in Fig. 1, the feasi-
ble region of a point Q(£2,£4) for a fixed point P(£1} £3) is
expressed as follows:

(£2-r2 cos 2a)2 + (£4 ~r2 sin 2cx)2 < (1 -r2)2 (4)

where rcosa = £i and rsino: = £3. Equation (4) is also ex-
pressed as follows:

in r r i i:
exp (/40) dw - exp (/20) du

Uo LJo J

exp (/20) du (5)

where \z\ denotes the absolute value of a complex number z.
We can prove the relation of Eq. (5) easily.

When the coupling terms vanish, i.e., £3 = £4 = 0, Eq. (4)
leads to the following relation:

2 £ 2 - l < £ 2 < ! (6)

Equation (6) gives the feasible region of lamination parameters
for the laminate without extension-shear coupling.

Equation (4) shows the feasible region of (£2, £4) for the
fixed values of (£1, £3). On the other hand, for the fixed values
of (£1, £2)* Eq. (4) is transformed as follows:

2(1 + £2)£|. - ^ (£2 - - £2) (7)

Equation (7) shows that the feasible region of (£3, £4) is within
an ellipse for 1 + £2 - 2£2 > 0 and on the straight line of
£4 = 2£i£3 (- 1 <£1 < 1) for 1 + £2- 2£? = 0. When the lamina-
tion parameters ((£1, £2) are specified, the in-plane stiffness
components, A\\, A^, A22, and A66, are determined uniquely.
On the other hand, the extension-shear coupling terms, A{6

Fig. 1 Feasible region of £(£2, £4) for P(£i, f3)


